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Abstract 

In this paper, we study the entire radial solutions of the self-dual equations arising from 
the relativistic SU(3) Chern-Simons model proposed by Kao-Lee[12] and Dunne[9l|8]. Under- 
standing the structure of entire radial solutions is one of fundamental issues for the system 
of nonlinear equations. In this paper, we prove any entire radial solutions must be one of 
topological, non-topological and mixed type solutions, and completely classify the asymp- 
totic behaviors at infinity of these solutions. Even for radial solutions, this classification has 
remained an open problem for many years. As an application of this classification, we prove 
that the two components u and v have intersection at most finite times. 

1 Introduction 

The relativistic self-dual Abelian Chern-Simons model was proposed by Jackiw- Weinberg [11] 
and Hong-Kim-Pac[10] to study the physics of high critical temperature super conductivity. The 
corresponding Chern-Simons equation has been studied in a variety of different nature. We refer 
reader to Wang[20j, Spruck-Yang[18j, Caffarelli-Yang[2j, Tarantello [19J, Chae-Imanuvilov[3|, 
Nolasco-Tarantello p2] [16], Chan-Pu-Lin[l], Choe[6], Lin-Yan[T5] and Choe-Kim-Lin[7] for the 
recent developments. 

In this paper, we are interested in the non-Abelian Chern-Simons model proposed by Kao- 
Lee |12] and Dunned E]. This model is defined in the (2 + 1) Minkowski space R 1 ' 2 , and 
the gauge group is a compact Lie group with a semi-simple Lie algebra Q. The Chern-Simons 
Lagrangian density in 2 + 1 dimensional spacetime involves the Higgs field <ft and the gauge 
potential A = (Aq, A%, ^2). We restrict to consider the energy minimizers of the Lagrangian 
functional, and thus obtain the self-dual Chern-Simons equations 

= 

1 r + + i ( L1 ) 
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where D_ = Di — iD 2 , and F + _ = d + A_ - d-A + + L4 + ,A_] with A± = A\ ± iA 2 and 
<9± = d\ ± id 2 . Dunne considered a simplified form of the self-dual system (jl.lj) . in which the 
fields (ft and A are algebraically restricted: 

r 
a=l 

where r is the rank of the gauge Lie algebra, E a is the simple root step operator, and (ft a are 
complex- valued functions. Let 

u a = log|(/> a |, a = l,2,--- ,r. 
Then equations (jl.ip can be reduced to the following system of equations 

r r N a 

Aua+ ki{Yl KabeU " - Yl e Ub K bc e Uc K ac ) = 4vr ^ 5 p a, a = 1, • • • , r, (1.2) 

b=l 6=1 j=l 

where K = (K a b) is the Cartan matrix of a semi-simple Lie algebra, {p" }•,•=!,... ju a are zeros of 
a (a = 1, • • • r), and <5 p is the Dirac measure concentrated at p in M. 2 . We refer to [22] for the 
details from ([T7TJ) to (fl~2"l) . 

Suppose if satisfies ^&=i(-^ _1 )a& > 0, a = 1, • • • r. A solution of JL2J), (u a ) a =i,- ,r, verifying 
the asymptotic condition 

r 

(I) lim u a (x) = log ( VVa^ 1 )^ ) , a = 1, • • • , r, 

1 b=l 

is called a topological solution; a solution of (|1.2p . (n a ) a= i i ... jr , verifying the asymptotic 
condition 

(II) lim u a {x) = —oo, a = 1, • • • , r, 

| as | — >oo 

is called a non-topological solution. Yang in [2T] obtained the existence of topological solu- 
tions for (|1.2p in M 2 based on variational methods and a Cholesky decomposition technique. 
In this paper, we consider the case when the gauge group is SU(3) and the corresponding 
/ 2 -1 \ 

Cartan matrix K = ( j . See [T71 Q31 Q] for the recent developments. 

Suppose there is only one vortex at origin. Then the equations (|1.2p become 



Au = -2e u + e v + 4e 2u - 2e 2v - e u+v + AttN^o 
Av = e u - 2e v - 2e 2u + 4e 2v - e u+v + 4ttN 2 8 q 



in M 2 . (1.3) 



Here (u,v) = (u±,u 2 ), N±, N 2 > 0, and without loss of generality, we assume k = 1. 

The purpose of this paper is to study the asymptotic behaviors at infinity of the entire radial 
solutions to (|1.3|) . Let r = \x\. Due to the singularity at 0, u and v are assumed to satisfy 

u(r) = 22ViIogr + 0(l), + ( . 

u(r) = 2A 2 logr + 0(l), as r ^ u ■ ^ 
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Conventionally, an entire solution might be classified as topological or non-topological solution 
according to its boundary condition at oo. However, there might be another new type of solution, 
mixed-type solution: 



(III) 



(u(r),v(r)) — > (log |, — oo) as r — > oo. 
and 

(u(r),v(r)) — > (—00, log |) as r — > 00. 



We note that this type is new. The existence of the mixed-type solution has been asked by 
Nolasco-Tarantello|17] and this problem has remained an open problem since then. One of the 
purposes in this series of paper is to answer this question. Our first result is the following: 

Theorem 1.1. Let (u(r),v(r)) be an entire radial solutions of fjl .3|) . Then 



unless u(r) = v(r) = for r £ (0,oo). 

Our second result is the main result of this paper. 

Theorem 1.2. Suppose (u(r),v(r)) is an entire solution to equations fjl ,3|) . Then (u(r),v(r)) 
must be one of types (I), (II) and (III) described above. 

Very recently, some existence of non-topological solutions has been studied by Ao-Lin-Wei[lJ 
by a perturbation from the SU(3) Toda system with singular sources. However, their result 
is still very limited toward understanding the general theory of non-topological solutions (and 
mixed-type solutions). Our study of radial entire solution would play a significant role for this 
purpose. The classification in Theorem 11.21 is the first major result in this direction. 

When u = v, equation (|1.3|) is reduced to 



For equation (|1.5p . it is easy to see that Theorem 1 1 . 2 1 holds for any solution u of (|1.5p . i.e. either 
u is a topological solution or a non-topological solution. Obviously, this statement is equivalent 
to the claim: 



From equation (jl.5p . the Z^-integrability of e u (l — e u ) (which is always positive) can be easily 
obtained by integrating (|1.5p . However, it is not obvious at all that the L 1 -integrability of the 
nonlinear terms in equation (jl.3p holds. In fact, it is not clear whether both nonlinear terms in 
the right hand side of (|1.3p are positive for r > 0. 

Our proof of Theorem ll.2l is based on the following observation. We split the nonlinear terms 
in (jl.3|) into linear combination of f\ and /2, where 



u(r) < and v(r) < for r G (0, 00) 



Au + e u {l-e u ) =47riV<5( 



(1.5) 



for any solution u to JTSJ), e u (l - e u ) £ L 1 (M 2 ). 



fi{u,v) 



e u_ 2e 2u + e u+v and f 2 ^ v ) 




,u+v 
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Then (|1.3p becomes 

( 1 

u rr + -u r = f 2 - 2/i + 4ttNi5 q , 

[ re (0,oo). (1.6) 

v rr + -v r = ft - 2/2 + 4irN 2 5 , 
V r 

For convenience, we denote fi(r) = fi(u(r),v(r)), i = 1,2. We observe that f\ and f 2 might 
be positive functions in r £ R + . Note that if u > v, then f2(u,v) > automatically. So the 
question is whether fi(u, v) is positive or not. We believe that the positivity of both fi, i = 1, 2, 
will play an important role for the further study of uniqueness of solutions of the system (|1.3p . 
As an application of this positivity, we prove the following apriori estimate for not topological 
solutions of (|1.6|) . 

Theorem 1.3. Let (u,v) be an entire radial solution of (jl.3p . Then 

(1) There exists Rq>Q such that u{r) and v(r) are less than log ^ for r > Rq. 

(2) (u,v) is a topological solution. Furthermore, 

(a) (u,v) is a topological solution if and only if r(u + v)(r) r > on (0, 00). 

(b) Two components u and v have no intersection on (Rq,oo) and are increasing to as 
r — > 00. 

In particular, when Ni = N2 = 0, we have the uniqueness of topological solutions. 

Corollary 1.4. Suppose (u,v) is a topological solution of (|1.6p with Aq = N2 = 0, then 
(u(r),v(r) = (0,0). 

The most difficult part of Theorem 11.31 is the part (1), where the a priori bound log ^ is 
established. The proof of Theorem 11.31 is unusually long. One of difficulties is to exclude the 
possibility of intersection of infinite times between u and v. From equation (jl.3p . this exclusion 
is not obvious at all, in fact, it is one of the consequences of L 1 -integrability of fi, i = 1,2. After 
establishing Theorem 11.31 i 1 -integrability of fi, i = 1,2, is a nice application of the Pohozaev 
identity. Then Theorem 11.11 follows immediately. 

Corollary 1.5. Let (u(r),v(r)) be an entire radial solution of (|1.3p . Then the followings hold, 
(i) If (u(r),v(r)) is a non-topological solution, then 

u(r) = -Pi log r + 0(1) 

v{r) = -fa log r + O(l) 
at 00 for some f3i > 2 and fa > 2. Furthermore, 

+ fa fa 4(Nf + iViiV 2 + iVf ) > 6 (2(Ni + N 2 ) + fa + faY 
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(ii) (u(r),v(r)) is a mixed-type solution, then either 

u(r) —7- log — and v(r) = —j3 log r + 0(1) for some (3 > 2, 

or 

v(r) — > log — and u(r) = —(3 log r + 0(1) for some (3 > 2, 

as r — y oo. 

(Hi) If (u(r),v(r)) is a topological solution, then 

(u(r),v(r)) — > (0,0) exponentially as r — > oo. 

By this corollary, when (u, v) is a non-topological or mixed-type solution, we have the posi- 
tivity of fi(r), i = 1, 2, for r large enough. 

Corollary 1.6. Suppose (u(r),v(r)) be a non-topological or mixed-type solution of (|1.3p . Then 
fi(r) > 0, i = 1, 2, /or r /ar^e enough. 

By Theorem 11.31 and Corollary 11.51 we obtain: 

Corollary 1.7. Suppose (u(r),v(r)) be an entire radial solution of (jl.3p , T/zen n and v have 
intersection finite times. 

To appreciate the result of Theorem 11.21 we should compare it with the following system of 
equations. 

f Au + e v (l-e u ) = 47rN 1 d 9 , x 

<^ y J in R , 1.7 

[ Av + e n (l - e v ) = 4ttN 2 5 y 1 

The system (|1.7p is related to Chern-Simons-Higgs model with two Higgs particles. See [T3"l [5], 
In spite of simple nature of the nonlinear terms in (|1.7p , Corollary 11.51 does not hold for all 
solutions to (jl.7p . See [5 J for more details of statements. 

Next, we want to consider the existence problem of mixed- type solutions. We denote 
ii(r; a\, 02), v (r; a%, 02)^ be a radial solution of fjl ,3|) with the initial value 

U (r) = 2iV 1 logr + a 1 +o(l) ,+ g) 

v(r) = 2N 2 log r + a 2 + o(l) ' 1 J 



We define the region of initial data of the non-topological solutions of (jl.3p . 

SI = {(ai, 02)! (n(r; ai, 02), w(r; a\, a 2 )) is a non-topological solution of (jl.3p |. (1.9) 

Theorem 1.8. Q is an open set. Furthermore, if a = (ai,a 2 ) £ <9fi, then u(r;a) is either a 
topological solution or a mixed-type solution. 
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In this paper, we do not address the question whether Q is an non-empty. In a forthcoming 
paper, we will discuss this question completely. However, for N\ = N2, it is clear that by letting 
u = v, solutions of (jl.5p give f2 7^ 0. In fact, as a corollary of the existence result in [I], we have 
0/0, for all Ni and N 2 . 

It is not difficult to prove that Q / R 2 , hence, d£l / 0. It is generally expected that (|1.6p 
should possess an unique topological solution. When Ni = N 2 = 0, we have the uniqueness 
of topological solutions. We shall study this uniqueness problem in our further works. By this 
uniqueness, we should be able to prove the existence of the mixed-type solutions. In fact, we 
have the following conjecture. 

Conjecture For any (5 > 2, there is mixed-type solution of (jl.3p such that u(r) — > log^, 
and v(r) = —f3 logr + 0(1) as r — > 00. 

The paper is organized as follows. Sect. 2 is devoted to the proof of Theorem ll.il In Sects. 
3, 4 and 5, we show some apriori estimates on the behavior of solutions. Theorem 11.31 is proved 
in Sect. 6. The integrability of f% and f 2 will be discussed in Sect. 7 and Theorem 11.21 follows . 
The asymptotic behaviors at infinity of solutions are shown in Sect. 8. Finally, in Sect. 9, we 
discuss the structure of the non-topological solutions. 

2 PROOF OF THEOREM O 

We introduce the function g(x) = e x — 2e 2x , which has the following property: 

(1) g is increasing on (-00, log |), ff'(logi) = 0, and g is decreasing on (log \, 00). ( Hence, 
g(x) < I on (-00,00).) 

(2) g > on (—00, log 5) and g < on (log ^, 00). 

(3) If x < y and g{x) — g(y) = 0, then x < log \ < y < log \ . 
The property of g will be used in the lemmas of this paper. 

If w(ro) = v(ro) and u r (ro) = v r (ro), by the uniqueness, u(r) = v(r) for r > 0. The system 
of equations (|1.3p can be reduce to the single equation 

u rr H — u r = e 2u — e u on (0, 00). 
r 

Then it is known that lim r _ >00 (n(r), v(r)) = (0,0) or lim r ^ 00 (n(r), v (r)) = (—00, —00) (see 
[22]). Hence, if u r (ro) = v r (ro), we can assume u(ro) 7^ v(ro); if u(ro) = v(ro), we can assume 
u r (ro) ^ v r (r ). 

Lemma 2.1. (Finite Time Blow-up Condition) 

(1) Suppose u(ro) = v(ro) > 0, u r (ro) > and (u — v) r (ro) > 0. Then u(r) blows up in finite 
time. 
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(2) Suppose n(ro) > v(ro), u(ro) > and u r {ro) > 0. Then u(r) or v(r) blows up in finite 
time. 

Proof. (1) Let (0,T) be the maximal interval of existence for (u,v). 

Step 1. Let I = (ro,ri) be the interval such that u(r) > v(r) on I. We claim that u r (r) > on 
[ro,ri] 

Suppose it is not true, so there exits r 2 € [ro,ri] such that 

u r {r2) = and u r (r) > on [ro,r 2 ]. 

Hence, 

0>« Pr (r 2 ) = (/2-2/i)(r 2 ) (2.1) 

From the assumptions u(ro) = v(ro) > 0, u r (r) > on [ro,r 2 ) and u(r) > v(r) on (ro,ri), we 
have 

u(r 2 ) > and ti(r 2 ) > v(r 2 ). 

It follows that 

(/ 2 - /i)(r 2 ) = 5 («(r 2 )) - 9{u{r 2 )) > (2.2) 

and 

— /i(r 2 ) = — e"^ 2 ^ + 2e 2u(r2 ) — e u ( r2 )+ 1, ( r2 ) 

= ^M^to) - 1) + e «(ra)( e «(ra) _ e «M) > 0j 

which contradict to (|2.ip . Hence, u r (r) > on [ro,ri]. 
Step 2. We show that u(r) > v(r) on (ro,T). 

Suppose for the sake of contradiction that there exits r^ £ (ro,T) such that 

■"(^3) = ^(^3) and u(r) > v(r) on (rQ,r^). 

Since u r (r) > on (ro^r^) and w(ro) > 0, we have 

u(r) > on [ro,r3] and u(r) > v(r) on (ro,^). 

Thus, 

(/2 - fi)(r) = g(v(r)) - g{u{r)) > for r G (r ,r 3 ). 
By this and (it — v) r (^o) > 0, we get 

r(u - v) r (r) = r (ti - v) r (r) + 3 / s(/ 2 - f\){s)ds > for r G [r ,r 3 ]. 



'•0 



Obviously, it is a contradiction. 
Step 3. We show that T < 00. 

We introduce the change of variable 



(2.3) 



t = lnr, to = hiro and Tq = InT 
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The first equation of (jl.6p becomes 

u" = e 2t (f 2 - 2/i), -oo<t<T (2.4) 

where ' is denoted the differentiation with respect to t. Set u = u + 2t. On (to,T), by applying 
u(r) > v(r) on (ro,T) and u(r) > on (ro,T), we have 

5" > e^{e u - 1) > 5e B , (2.5) 

for 6 £ (0, e"( r °) — 1). We further restrict 

6 G (0,min{e u(ro) - 1, hi' 2 {t )e~ u{to) }). 

Multiplying (|2. 5j) by 5' and integrating on (to,*), we have 

^(S' 2 (t) - S' 2 (t )) > £(e" (t) - e"( i0 )). 

It follows that 

u'it) > V26(-u 2 (t) + 1) 
6 

because > on (to,T) and on (to, T). It leads n to blow up in finite time and thus T 
is finite. 

(2) Since we do not assume (u—v) r (ro) > 0, u(r) may intersect v(r) on (ro, T). Thus we consider 
the following possible cases: 

(1) u(r) > v{r) on (ro,T). 

(2) u(r) intersects v(r) on (7*0, T). 

Step i. For t/ie /irst case, we s/tow T < 00. 

Repeating the arguments in the step 1 of this lemma (1), we find 

u r (r) > on (r ,T), 

because we suppose u(r) > f (r) on (ro, T). As in the step 3 of this lemma (1), we conclude that 
T < 00. 

Step 2. For the second case, let r\ be the first intersection point of u and v on (tq,T). We show 
that T < 00. 

As in the step 1 of this lemma (1) again, we know that 

u r (r) > on [ro, r\]. 

Thus, we have 

v{r\) = u{r\) > 0, v r (ri) > and (v — u) r (ri) > 
and the second case follows from Lemma 12. II (1). □ 



S 



Proof of Theorem 11.11 

Step 1. For r > 0, we denote 



Fu{ r ) = max{u(r), v (r)} 



and 



max{ u r (r), v r (r)} if n(r) = t> (r) 
^(r) if u(r)^«(r) 

Step 2. Suppose Fjj(r) attains its positive maximum value at some point tm £ [0, oo). By- 
symmetry, we may assume that u{vm) > v(tm)- Thus we obtain 

> h{r M ) ~ 2/i(r M ) = g(v(r M )) - g{u{r M )) - h(r M ). (2.6) 

Note that 

g{v(r M )) ~ g{u{r M )) > if u{r M ) > and u(r M ) > v(r M ), 

and -fi(r M ) = e< r »\(e< r ^ - 1) + (e"^) - e^ r «)] > if u(r M ) > and u(r M ) > v(r M ). It 
is a contradiction to (j2.6j) . We conclude that either Fjj(r) attains non-positive maximum values 
on [0,oo) or Fu(r) never attains a maximum on on [0, oo). 

Step 3. Suppose Fu(r) never attains a maximum on on [0, oo), we show that Fjj(r) < 0. 

Suppose otherwise that Fjj > at some point ro E (0, oo). Since we assume that (u,v) is 
an entire solution, by Lemma [2 .![ Gu{ro) < 0. In view of the boundary conditions at and the 
step 2, it is a contradiction that Fjj attains positive maximum value on [0, ro]. Hence, Fu(r) < 
on (0, oo) if it never attains a maximum on on [0, oo). 

Step 4- It is easy to see that Fjj(ro) = if only if it(ro) = v(ro) = 0. By this and step 3, we 
have 

u r (r ) = v r (r ), 
and thus u(r) = v(r) = for r £ (0, oo). We conclude that 

u(r),v(r) < on (0, oo), 

unless u = v = 0. 



3 APRIORI ESTIMATE 

In this section, we present some apriori estimates of the behavior of (u(r),v(r)). The most 
important result is to prove max(«(r), u(r)) < log \ under some condition. See Lemma 13.51 and 
Lemma 13.61 This estimate is a crucial step toward proving the positivity of fi, i = 1,2. We first 
have the following simple observation. 

Lemma 3.1. Let (u,v) be the solution of (jl.3p . Suppose that lim^oo e u ( r ' and lim r _ i , 00 e v ^ 
exists. Then lim r ^ 00 (e u ^ r \e v ^) must be one of the following: 

(a) (1,1). (6)(i,0). 
(c)(0,§). (d)(0,0). 
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If the derivative of one of u(r) and v(r) must be negative on an interval /, then u(r) and 
v(r) cannot increase simultaneously on / and we say u(r) and v(r) satisfy non-simultaneous 
increasing condition (for brevity, nsi-condition) on /. If the derivative of one of u(r) and v(r) 
must be positive on an interval I, then u(r) and v(r) cannot decrease simultaneously on I and 
we say u{r) and v{r) satisfy non- simultaneous decreasing condition (for brevity, nsd-condition) 
on /. 

Definition 3.2. (1). We say that a function f(r) has an S[ a ^-profile if 

f r {o) = f r (b) = and f r (r) > on (a,b), 
and a function f(r) has a reversive S\ a ^-profile if 

f r (a) = f r (b) = and f r (r) < on (a,b). 



(2). f{r) has an S -profile on [c,d] if /(r) has an S\ a u-profile, where [a,b] C [c,d]. Similarly, 
f(r) has a reversive S -profile on [c,d] if f(r) has a reversive Suu-profile, where [a,b] C 
[c,d]. 



The following lemmas will be used to prove Theorem 11.31 

Lemma 3.3. Assume that u(ro) > v(ro) and u r {ro) > > v r (ro). Then /i(ro) > 0. 

Proof Note that /i(r ) = e" (ro) - 2e 2u(ro) + e ( - u+v ^ is positive whenever v(r ) < u(r ) < log \. 
We only need to consider the case that u(tq) > log i. Suppose for the sake of contradiction that 
h(r Q ) < 0. 

Step 1. We show that u r (r) > and v r (r) < on some interval (ro,ri) C (ro,oo). 
Since we suppose u(ro) > v(ro), it is obvious that 

/ 2 (r ) = e v{ro] - 2e 2v{ro) + e w (^)+^(^o) > a ( 3-1 ) 
By this and /i(ro) < 0, we have 

(f 2 - 2/!)(r ) > and {h - 2/ 2 )(r ) < 0. 

It follows that 

(/2 - 2/i)(r) > and (/i - 2/ 2 )(r) < on some interval [r , n). (3.2) 

Hence, 

rn r (r) = r u r (r ) + / s(/ 2 - 2/i)ds > for r G (r , r\] (3.3) 

and 

rv r (r) = r v r (r ) + s(/i - 2/ 2 )ds < for r 6 (r , n]. (3.4) 



Xei r 2 = sup{s | s > rp and u r > on (ro, s)}. W^e claim that v r (r) < for r G (ro, r 2 ). 
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Suppose for the sake of contradiction that there exists r 3 £ (ro, r 2 ), such that tv(?"3) = and 
v r (r) < for r £ (ro,r 3 ). It follows that 

0<^(r 3 ) = (/i-2/ 2 )(r 3 ), (3.5) 

which implies 

fi(r 3 ) > 2/ 2 (r 3 ) > 0. (3.6) 

Inequality (j3.6|) follows from u > v on (ro,r 3 ]. Since we suppose /i(ro) < and by (|3.6p . there 
exists r4 £ (?"o> r 3) such that 

fi{ r A) = an d > for r £ (r4,r 3 ). 

It follows that -^fxir^) > 0. On the other hand, the calculation of 4pf\{r^) gives 

^/ 1 (r 4 ) = (e u - Ae 2u + e u+v )\r,Mn) + e u+v \ r4 v r (n) (g ?) 

= -2e 2M | r4 u r (r 4 ) + e u+u | r4 u r (r 4 ) 

where f\{r±) = is used. Since u r (r4) > and tv(?"4) < 0, we have that the right hand side of 
(|3.7p is negative which is a contradiction. So, v r (r) < for r £ (ro,r 2 ) is proved. 

Step 3. We now show that r 2 = 00. 
If it is not true, then 

u r {T2) = and u r (r) > for r £ (ro,r2). 

It follows that 

> Urrfa) = (/a - 2/i)(r 2 ). (3.8) 
By the step 2, we have it(r 2 ) > v(r 2 ) and thus 

2/i (r 2 ) > / 2 (r 2 ) > 0. 

By this and /i(ro) < 0, there exits rs £ (ro,r 2 ), such that 

h(?s) = and /i(r) > for r £ (r 5 ,r 2 ), 

which implies 4-fi{r§) > 0. By computing 4pfx{r^) as in ()3.7p . we have 

^/i(r 5 ) = -2e 2 "| r5 n r (r 5 ) + e^| r5 ^(r 5 ) < 0, 
a contradiction. We conclude that r 2 = 00. 

Step 4- Since ii r > > v r on (ro,oo), we know that lim r _>oo e w and lim r _>ix, exist. By 
the assumption that u(tq) > v(tq) and u(ro) > log |, 

lim e" (r) > - and lim e v{r) < e u(ro) , 

r— >oo 2 r— voo 

which is a contradiction to Lemma 13. 11 Hence, if u(tq) > v(ro) and u r (ro) > > v r (rQ), then 
/i(r ) > 0. □ 
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Remark 3.4. When (N U N 2 ) = (0,0), u r (0) = v r (0) = 0. Lemma El suggests that SI / 
R~ x R-. 

Note that the definition of the S\ a u -profile (resp. reversive Suy-profile) of f(r) does not 
require f(r) attains local maximum at b (resp. a). However, we can extend the interval [a, b] 
until /(r) attains local maximum at c G (b, oo)(resp. c E [0, a)). Hence, the following two 
lemmas shows, under certain conditions, the local maximum value of the upper function is less 
than log \ , which is crucial to the proof of Theorem 11.31 



Lemma 3.5. (1). Assume that u(r) has an S[ r0tri ]-profile, v(r) < u(r) in (ro,r%) and v r (ro) < 
0. Then u(n) < log \. 

(2). Assume that u(r) has a reversive S\ TQ)r ^-profile, v(r) < u(r) on (ro,r±) and v r (ri) > 0. 
Then u(ro) < log \ . 

Proof. (1) We prove this lemma by contradiction. Assume that u(r\) > log 4. 

Step 1. We first show that v r (r) < on [ro, rj. 

Since we suppose v(r) < u(r) on (ro,ri) and u r {r$) = > v r (ro), we have 

pr 

r(u + 2v) r (r) = ro(u + 2v) r (ro) — 3 / sf2ds<0 for r € [ro, ri]. 

J ro 

By this and u r (r) > on [ro,ri], v r (r) < on [ro,ri]. 

Step 2. We show that there exists r2 € [ro , r\ ) such that 

(f 2 - 2/0(r) < on (r 2 , n) and (f 2 - 2h){r 2 ) = 0. 
Since u r (r) > on [ro,ri] and n r (ro) = u r (r±) = 0, then 

< u rr {r ) = (f 2 - 2/i)(r ) (3.9) 

and 

> urrin) = (/ 2 - 2/i)(n). (3.10) 

Hence, if (/ 2 - 2/i)(n) < 0, we are done. If (/ 2 - 2/j)(n) = 0, by computing £(/ 2 - 2/i)(n), 
we have 

|:(/ 2 - 2/!)(n) = 2(e« - 2e 2 « - e^J^tvCn) - 2(e« - 4e 2 « + ^J^tirCn) u 
= 2(e u -2e 2u -e^)| rA (r 1 )>0, 

where u r (n) = and u(ri) > log \ are used. Thus, there exists r 2 with 
(/ 2 - 2/i)(r) < on (r 2 ,n) and (/ 2 - 2/x)(r 2 ) = 0. 

Consequently, 

J:(/2-2/i)(r 2 )<0. (3.12) 
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(3.13) 



Step 3. The calculation of 4p(f2 ~ 2/i)(r 2 ) will lead to a contradiction. 

If e "0*2) > i ; us i n g (j 2 _ 2f\)(r2) = and v r (r2) < < u r (r2), we have 

|:(/2-2/i)(r 2 ) 

=2(e" - 2e 2u - e 2v )\ r v r {r 2 ) - 2(e u - 4e 2u + \e v+ %u r (r 2 ) > 0. 

It contradicts to (|3.12p . 

If e u{ ^"^ < ^, there is r% G {r 2 ,r{\ such that e 11 ^ 3 ** = ^. At r = r3, one has that 

(/ 2 -2/ 1 )(r 3 ) = ie^)-2e 2 ^)<0, 

which implies that e v ^ > \. It follows that 

e «(r 2 ) •> e f(r 3 ) > I 
~~ 4' 

and thus - 2e 2v{r ^ = g(v(r 2 )) < |. By this and (/ 2 - 2/i)(r 2 ) = 0, we have 

j- r (f2 ~ 2/i)(r 2 ) = (e« - 4e 2 ^ - e^)| r ^ r (r 2 ) - 2(e v - 2e 2v - 2e 2u )\ r u r (r 2 ) 
> -e {u+v)(r2) v r {r 2 ) > 0, 

a contradiction to ()3.12p . Hence, u(r\) < log ^. 

(2) Heuristically, this part can be viewed as the reflection of the part (1). Although equa- 
tions (|1.6|) change after reflection, we can still apply the techniques of the part (1) to prove part 
(2). Hence, we omit the details of the proof and only sketch it. This proof can be based on the 
following three steps: 

Step 1. We first show that v r (r) > on [ro,ri]. 

Step 2. We show there exists r 2 G {rQ,r{\ such that 

f 2 - 2/i < on (r ,r 2 ) and (/ 2 - 2/ x )(r 2 ) = 0. 

Step 3. The calculation of Jp(/ 2 — 2/i)(r 2 ) will lead to a contradiction. 

□ 

Lemma 3.6. (1). Assume that u(r) has a S[ r(hr2 yprofile, u(r\) = v{r\) < log ^ for some 
r\ G (ro,r 2 ) and v(r) is decreasing on (ro,ri). Then u(r 2 ) < log|. 

(2). Assume that u(r) has a reversive St r0tr2 ]-profile, u{r\) = v(r\) < log \ for some r\ G (ro, r 2 ) 
and v(r) is increasing on (ro,r\). Then u(ro) < log \. 
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Proof. We only prove the first part. As in Lemma 13.51 the second part can be viewed as the 
reflection version of the first part heuristically. We prove this lemma by contradiction. Suppose 
that 14(7*2) > log 2- 

Step 1. We first show that (u + v) r (r) < on (ro,7*2). 
Since u r (ro) = and u r (r) > on [7-0,7*2], we have 

0<« rr (r ) = (/ 2 -2/i)(r ) 

and thus 72(7*0) > 0. Since u(r) is increasing and v(r) is decreasing on (ro, r^), it follows that 
(1 — 2e v ^ + e u ^) is increasing on (ro,fi). Thus, we have 

/ 2 (r) = e u(r) (l-2e" (r) +e u(r) ) >0 on (r ,n]. 

It follows that 

rr 

r(v r + u r )(r) = r (v r + u r )(r Q ) - / s(/i + / 2 )rfs < 0, r G (r , n], (3.15) 

because iv(7*o) < = u r (ro) and /i(r) > for r G (7*0,7*1). 

Note that v(r) < u(r) on (7*1,7*2] and u r (r) > > v r (r) on [ro,r 2 ]. By applying Lemma 1331 
for each r G (7*1,7*2), we have /i(r) > for r G (7*1, 7*2). By (|3.15p again, we get 

(u + v) r (r) < for r G (ro, 7*2], (3.16) 

which also implies u r (r) < on (ro, 7*2]. 

.Step 2. We c/aim that (/ 2 - 2/i)(r) < on [ri,r 2 ). 
Note that 

(/2 - 2/i)(ri) = -2e" (n) + 4e 2u(ri) - e u{ri)+v(ri) + - 2e 2v{ri) 
= _ e «(**i) _|_ e M f i) < 

where u(ri) = f (ri) is used. As in the step 2 of Lemma 13.51 (1), we know / 2 — 2fi < on some 
interval (s,r 2 ) C [ri,r 2 ). Consequently, if the claim is not true, then there exists r 3 G (7*1,7*2), 
such that 

(f 2 - 2/i)(r) < for r G (r 3 ,r 2 ) and (/ 2 - 2/i)(r 3 ) = 0, 

which implies 

J-(/ 2 -2/i)(r 3 )<0. (3.18) 

As in the step 3 of Lemma 13.51 (1), the calculation of ^r(/ 2 ~ 2/i)(r 3 ) will lead to a contra- 
diction. Note that u r (r 3 ) > > v r (r 3 ). If e u ^ > \, as in (j3~T3]) . 

J;(/2-2/i)(^)>0, 

a contradiction to (|3.18p . If e u ^ < \, then there is r 4 G (r 3 , r 2 ] such that e u( - T4 ^ = \. At r = r±, 
one has that 

(/ 2 - 2/i) (r 4 ) = ^e^) - 2e 2 ^) < 
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which implies that e"^^ > \. It follows that 

e v(r 3 ) > e v(r 4 ) -> 1 
~~ 4' 

Hence, as in ()3.14p . 

^-(/ 2 -2/ 1 )(r 3 )>0, 
ar 

a contradiction to (|3.18p . We conclude here that {f 2 — 2/i)(r) < for r £ [n,^). 

3. We show that u{r\) = v{r\) > log \ , which is important in the next step. 
Since we suppose e u ^ > \ and u(r{) = v(r{) < log^, there exits r§ G {r\,r2\ such that 
e «(r 5 ) _ l gy the s ^ e p 2, / 2 — 2/1 < on (n, r 2 ), we have 

(/ 2 -2/i)(r 5 )<0. 

Hence, 

I e -M _ 2e MnO = (/2 _ 2/l )( r5 ) < 0, 



which implies 

4 

Since u r < on (^o,^] and r\ < r$, then 



e v ^ > -. (3.19) 



it(r 1 ) = u(ri)>v(r 5 )>log-. (3.20) 

Step 4- We claim that there exits r§ G (ro,ri) siic/i i/iai 

(A - f2){r) >0forre (r 6 ,ri). 

Note that (/i — /2)(^i) = 0. To prove this claim, it suffices to show Jp(/i — /2)(n) < 0. We 
compute £(fi - f 2 )(n). 



ri 



^-(/i - h){n) = ^[{e u - 2e 2u ) - (e* - 2e 2v ) 
ar ar 

= (e «(n)_ 4e 2n(r l))(Ur(ri) _ Ur(ri)); 

where u(r\) = v{r{) is used. By (j3.20p and u r > > v r on (ro,r2), 

^(/i - / 2 )(ri) = (e M ^ - 4e 2 ^))(n r (n) - « r (n)) < 0. 

Step 5. Recall that 

u r (r ) = and (/ 2 - 2/i)(r ) = u rr (r ) > 0, 



(3.21) 
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which implies {f\ — f2)(fo) < ~fi( r o) < 0. Combining this and the step 4, we know that there 
is rj G (ro,ri) such that 

(/i-/ 2 )(r 7 )=0. 

Note that u(r 7 ) < v(r 7 ) and g(u(rj)) — g(v(rj)) = fi(rj) — f^r^) = 0. We obtain that 

u(r 7 ) < log - < v(r 7 ) < log -. (3.22) 
Note that (u + v) r < on (ro,r2), and r 7 < rs. By this, (|3.22|) and (|3,19p . we obtain 

log - + log - < (u + v)(r 5 ) <(u + v)(r 7 ) < log - + log -, (3.23) 
a contradiction. Hence, ufo) < log \. 

□ 

4 ASYMPTOTIC BEHAVIOR (1): WITHOUT INTERSEC- 
TION 

In this section, under certain conditions, we discuss the asymptotic behaviors of u and v when 
they do have intersection for r sufficiently large. We first exclude one special case: 

(*) There exists Rq > 0, so that one of u(r) and v(r) is decreasing to log^, and the another 
one is decreasing to — oo for r > Rq. 

Lemma 4.1. There is no solution of (|1.6p which satisfies condition (*). 

Proof. Step 1. With out loss of generality, we assume that u and v are decreasing to log ^ and 
— oo on (i?o,oo) respectively. We write u = log ^ + u (Here, u > on (Rq,oo)). Thus, there 
exists i?i >> i?o so that 

Au>-e v +u. (4- 1 ) 
4 

We will show there is no such solution u = log \ + u which satisfies (j4.4p . 

Step 2. We show that f2 £ L 1 (M 2 ) which is important to the estimate of linv^oo ru r (r) and 
lim^oo rv r (r). 

We may assume that v(r) < log \ on (R\, oo). Thus, we only need to show that sf2(s)ds < 
oo. For r >> 



rv r (r) =2N 2 + [ a(/i - 2f 2 )(s)ds 
Jo 



=2N 2 + / 1 - 2f 2 )(s)ds + f - 2f 2 )(s)ds (4.2) 

<2iV 2 + f 1 s(h - 2f 2 )(s)ds - f sf 2 (s)ds 
JO JRi 
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where (/i — = g(u(s)) — g(v(s)) < on (j?i,oo) is used. Suppose that sfafyd. 



s = oo, 



then 

rv r (r) —> — oo as r — t- oo. 

It implies that se v ^ds < oo and thus J*^ sf2(s)ds < oo where u < is used. We conclude 
that /2 G L 1 (M 2 ). 1 

«_£ep 5. VFe s/tow i/tai lim r -^. 00 rv r (r) < —2. 

One can see that rv r (r ) is a decreasing function on [R\ , oo) from (|4.2p . Hence, if limj._s.oo rw r (r ) > 
-2, then 

rv r (r) > —2 on (i?i,oo), 

which makes the L 1 -integrability of /2 fail. Therefore, lim r _> 00 rv{r) < —2. 
Step ^. We show that /i G L 1 (IR 2 ). 

We split the nonlinear term /2 — 2f\ into 



e « _ 2e^ - e u+v j +2[e u - 2e zu j . (4.3) 

Note that the first term of (|4.3p is in L 1 (M 2 ) by the step 2., and the second term of (|4.3p is 
negative for r > R\. Hence, 

/•no 

s(e" (s) -2e 2 "W)ds > -oo. 
where 

/'OO /'OO 

ru r (r) = RwriRi) + / s(e v ^ - 2e 2v{s) - e^ u+v){s) )ds + 2 / s(e u(s) - 2e 2u{s) )ds 
JRi JRi 

and the existence of lim r _ >00 u(r) are used. It follows that f\ is L 1 -integrable in R 2 . 

Step 5. By the steps 2, 3 and 4, we have lim,.-^ ru r (r) = and lim r _>, 00 rv r (r) = —j3 for some 

constant f3 > 2. Thus, for R2 > Ri large enough, we have 

(ru r (r)) r > ^ r ' 1 ~ 13 + ru(r) for r > R2. (4-4) 

Since u > on (i?2, 00), 

(ru r (r)) r > ^ 1_/3 for r > i? 2 - (4.5) 
Integrating (|4.5p from r > i?2 to 00, we obtain 

- r_r(r) > — !— r 2 -* (4.6) 

where lim,.—^ ru r (r) = and /3 > 2 are used. Dividing (|4.6p by r and integrating it from r > R2 
to 00, we have 

4(r > a ipV"' (4 ' 7 > 

where lim^oo u(r) = and f3 > 2 are used. 
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Plugging (|4.7p into (|4.4p . we have 



(rfir(r)) r > Jr 1 " + 4( ^^ 2)2 r 3 " > 4(/g ^ 2)2 r 3 ^ for r > i? 2 . (4i 



If /3 > 4, integrating (|4.8|) as in (j4.5|) and (|4.6j) . we obtain 

^ W " 4(2-/3) 2 (4-/3)2 r4 * 

If /3 < 4, we obtain a contradiction when we do integration as in (|4.5p and (|4.6|) . Since /3 is 
finite, one can repeat this argument at most a finite number of times to get a contradiction. 

□ 

In the first part of the following lemma, we show that if 

u(r) > v(r) on (7*0,00), u r (?*o) > v r (ro), and (u + 2v) r (ro) < 0, 

then the behavior of (u, v) must be case (1) described in the statement of Theorem 11.31 In the 
second part of the following lemma, we show that if 

u(r) > v(r) on (7*0,00) and {u + v) T (r) > on (7*0,00), 

(u, v) must be a topological solution. 

Lemma 4.2. (1) Suppose that u(r) > v(r) on (7*0,00), u T {ro) > v r (ro) and {u-\-2v) r (ro) < 0. 
Then 

u(r) and v(r) are less than log | on some interval (i?i,oo) C (ro,oo). 

(2) Suppose that u(r) > v(r) on (ro,oo), and (u + v) r (r) > on (ro,oo) . Then 

u(r) and v(r) are increasing to as r — > 00. 

Proof. (1) Step 1. We show u(r) and v(r) satisfy the nsi-condition on (7*0,00). 
Since we suppose u(r) > v(r) on (ro,oo) and (u + 2?j) r (ro) < 0, then 

r(u + 2v) r (r) = ro(u + 2v) r (ro) — 3 / sf2(s)ds < for r G (ro,oo). (4.9) 

Jr 

Consequently, u(r) and v(r) satisfy the nsi-condition on (ro,oo). 
Step 2. We consider the following possible cases: 

(a) u(r) oscillates on (ro,oo). 

(b) 7i(r) is increasing on some interval (ri,oo) C (ro, 00). 

(c) u(r) is decreasing on some interval (7*2, 00) C (ro,oo). 
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Step 2.1. Suppose u(r) oscillates on (ro,oo), which implies u(r) has infinitely many S-profile 
on (ro,oo). Let Sum be its first S-profile on (ro,oo). Combining the nsi-condition on (ro,oo) 
and Lemma 13.51 (1). the local maximum values of u{r) on (a,oo) are less than log|. Since we 
suppose u oscillates on (ro,oo), then 

u{r) < log - for r £ (a, oo). 



Step 2.2. Suppose that u(r) is increasing on some interval (ri,oo) C (ro,oo). By the nsi- 
condition on (ro,oo), v(r) is strictly decreasing on (ri,oo). Lemma [3~T1 suggests 

u{r) is increasing to log - and v(r) is decreasing to — oo as r — > oo. 



Step 2.3. Suppose u(r) is decreasing on some interval (r2,oo) C (ro,oo). Then either u(r) is 
decreasing on (ro,oo) or there exits 7*3 £ (r2,oo) such that u r {r^) = and u is decreasing on 
(r3,oo). Note that v r {r^) < because of (|4.9p . Let 7*4 = 7*0 if the first case holds, and 7*4 = 7*3 if 
the second case holds. 

u(r) is decreasing on (7*4, oo) implies the existence of lim,.-^ e u ^ . Thus, if lim r _ >00 e u (r) < |, 
then u(r) is less than log | on some interval (7*5,00) C (7*4,00). 

We now show that if lim^oo e u ^ > |, then v(r) is decreasing on (7*4, 00). Since we suppose 
u(r) > v(r) and u(r) > log \ for r S (r^, 00), then 

/2(r) - /i(r) = g(v(r)) - g(u(r)) > on (r 4 ,oo). 

Hence, 

pr 

r(u — v) r (r) = r 4 (u — v) r (r&) + 3 / s(/2 — f\)ds > on (r 4 , 00). 

It follows that 7J r (r) < n r (r) < on (7*4, 00), and thus limj._j.oo e u ^ and linij._j.oo e u ^ r ^ exist. It is 
a contradiction by Lemma 13.11 and Lemma 14.11 

(2) Step 1. As in the proof of (1), we consider the following possible cases: 

(1) u(r) oscillates on (7*0,00). 

(2) u(r) is increasing on some interval (7*1,00) C (ro, 00). 

(3) u(r) is decreasing on some interval (7*2,00) C (7*0,00). 

It will be shown that only the case (2) is possible. 
Step 2. We show u(r) cannot oscillate on (7*0,00). 

Suppose that u oscillates on (7*0,00). Then u(r) has infinitely many reversive S-profile on 
(7*0,00). Let S\ a p] be its first reversive S-profile on (7*0,00). The assumption that (u+v) r (r) > 
on (7*0,00) implies the nsd-condition for (u,v) on (7*0,00). Combining the nsd-condition on 
(7*0,00) and Lemma 13.51 (b), the local maximum values of u(r) on (a, 00) are less than log^. 
Thus, 

v(r) < u(r) < log - on (a, 00). 
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By this and (u + v) r (r) > on (ro,oo), 



a(u + v) r (a) > / s(fi + f 2 )ds 

Ja ,00 (4-10) 

> 2e (u+v)( a ) I sds = 00; 
J a 

which is a contradiction. Hence, u(r) cannot oscillate on (ro,oo). 

Step 3. Suppose that u(r) is increasing on some interval (ri,oo) C (ro,oo), which implies 
linv^oo u(r) exits. By this and (u + v) T > on (ro, 00), 

v(oo) — v{ri) > u(oo) — u(r\), 

which implies v(oo) > —00. Lemma ETT1 suggests that lim r _^oo u = lim^oo v = 0. 

Step 4- Suppose that u(r) is decreasing on some interval fa, 00) C (ro,oo). By the nsd- 

condition for (u,v) on (ro,oo), v is increasing on (r2,oo). Thus, lim^oo u(r) and lim r ^ 00 u(r) 

exist and are not both equal to 0, a contradiction to Lemma 13. II 

Step 5. Finally, we show v r (r) > for r sufficiently large. 

Since rim 7 ._ KX) v = 0, there exists r% G (ro,oo) such that v r (r 3 ) > and u(r) > v(r) > log \ 
on (r3,oo). By this, we have f\ — 2/2 < on (7*3,00). Hence, 



rv r (r) = r 3 v r (r 3 ) + / s(/i - 2/ 2 )ds > 0, 

where lim^oo v(r) is used. 



□ 



5 ASYMPTOTIC BEHAVIOR (2): GENERAL CASE 

In this section, we consider more general cases. In the following lemma, we show that if u and 
v have only one intersection point s 2 on (si,oo) with 

Vr(si) < u r (si), (u + 2v) r (si) < 0, u > v on (si, S2) and v > u on (s2, oo), 

then u is less than log \ on (s 2 , oo). 

Lemma 5.1. Lei < si < s 2 - Assume that s 2 is a intersection point of u(r) and v(r), with 
u[r) > v(r) on (si,s 2 ) and v(r) > u(r) on (s 2 ,oo). VFe further suppose that v r (si) < u r (si) 
and (u + 2i») r (sx) < 0. Then 

u(r) and v(r) are less than log - on [$2,00). 

Proof. Step 1. We show u(r) and v(r) satisfy the nsi-condition on (si,oo], and thus u r (s2) < 0. 
Since we suppose (u + 2v) r (si) < and v(r) < u(r) on (si, S2), then 

„ r 

r(u + 2v) r (r) = si(u + 2v) r (si) - 3 sf 2 (s)ds < for r G (si, s 2 ]. (5.1) 

./si 
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Thus, u r {s2) < 0. By this, (u + 2v) T {s2) < 0, and u(r) < v(r) on (s 2 , oo), we get 

r(2u + v) r (r) = s 2 {2u + v) r (s 2 ) - 3 f sf\{s)ds < for r 6 [s2,oo). (5.2) 

J s 2 

Step 2. We show that it(s 2 ) = v(s2) < log \ . 

Prom (|5.ip . u r (s2) < and Lemma T3.51 we know that if u(r) has an ^-profile on (si,s 2 ), 
then u(s2) must be less than log \ . Thus, we need only consider the following cases: 

(1) u(r) is decreasing on (si,s 2 ). 

(2) u(r) is increasing on (si,r\) and u(r) is decreasing on (ri,s 2 ) for some ri € (si,s 2 ). (By 

«r(ri) < 0.) 



Let s = si if the first case holds, and s = r\ if the second case holds. Now, assume u(s 2 ) = 
v(s2) > log Then, 

/•r 

r(u - u) r (r) = s(u - w) r (s) + 3 / s(/ 2 - /i)ds > on (s, s 2 ], 

is 

because u(r) > u(r) on (s, s 2 ) and u(r) > u(s 2 ) > log 5. Obviously, it is a contradiction. There- 
fore, we proved it(s 2 ) = i>(s 2 ) < log ^. 

Step 3. We show that v{r) < log \ on [s2,oo) j/u r (s 2 ) < 0. 

By ?v(s 2 ) < 0, if v(r) attains local maximum at (3 G (s 2 ,oo), then -u(r) has an S\ a ^-profile 
where [a,/3] C [s 2 ,oo). Hence, by (|5.2p and Lemma 13.51 (1). the local maximum values of v[r) 
are less than log^. Thus, we only need to consider the case that v(r) is increasing on some 
interval (Rq,oo) C [s 2 ,oo). By (|5.2p . u r {r) < on (i?o,oo). Lemma IBTTl suggests 

v(r) is increasing to log - and u(r) is decreasing to — 00 as r tends to 00, 

i.e., 

v(r) < log - on [i? ,oo). 
By this and u(s 2 ) = v (s 2 ) < log 5, we have 

u(r) < u(r) < log - on [s 2 , 00) provided w r (s2) < 0. 



Step 4- We show that v(r) < log | on [s 2) oo] i/u r (s 2 ) > 0. 
We need to consider the following possible cases: 

(1) u r (r) > on [52,00]. 

(2) v(r) attains local maximum at f} G (s 2 ,oo) where u r (r) > on [s 2 ,/3]. 
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For the first case, u r (r) < on [s2jCo] by (|5.2p . Thus, Lemma I37L1 suggests that 

lim v(r) = log — and lim u(r) = — oo. 

For the second case, the difference between step 3 and step 4 is that, with v r {s2) > 0, v(r) 
attains its first local maximum at /3 G (s2, oo) cannot guarantee v(r) has an S-profile on (s2, oo). 
However, since v r (si) < and v r {s2) > 0, there exits a G [s±,S2) with 

v r (a) = and f r (r) > on (a, S2], 

which implies v(r) has an S^ ^j-profile. By (|5.4p and Lemma [3761 (1). 



By this and f r (/3) = 0, as in the step 4, 



u(r) < log - on [/3, 00). 

It follows that ii(r) < u(r) < log ^ on [32, 00). □ 

Lemma 5.2. Lei < si < S2 < S3. Assume that S2 and S3 are consecutive intersection points 
of u{r) andv{r), with u(r) > v(r) on (s\,S2) and u{r) < v(r) on (32,83). 

(1) Suppose that v r {s\) < u r (s\) and (u + 2v) r (si) < 0. Then 

u(r) and v(r) are less than log - for r G [s2,oo). 

(2) Suppose that u{s\) = v{s\), {u + v) r {r) > on [s\, S3], and u(sz) = ^(53) < log |. Then 

u(r) < log^ for r G [si,s 2 \. 

Proof. (1) Step 1. We show u(r) andv(r) satisfy the nsi-condition on [si,Ss], and thus u r (s2) < 
and v r (s3) < 0. 

Since we suppose (u + 2v) r (si) < and v(r) < u{r) on (si, S2), then 

rr 

r{u + 2v) r (r) = s x (u + 2v) r (s 1 ) - 3 / sf 2 (s)ds < for r G [si, s 2 ]. (5.3) 
By (|5.3[) . we have u r {s2) < 0. Hence, 

r(2u + t>) r (r) = s 2 (2u + v) r (s 2 ) - 3 / s/ x (s)<is < for r G [s 2 , s 3 ], (5.4) 
because (u + 2v) r (s2) < 0, u r {s2) < 0, and tt(r) < v(r) on (S21S3). Thus, t> r (?"3) < 0. 
Step 2. We show that u{s2) = v{s2) < log \ . 
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We omit the proof, because it is same as in the step 2 of Lemma 15.11 
Step 3. We show that v(r) < log ^ on [32,83] if v r (s2) < 0. 

Since v r {s2) < and v r {s3) < 0, then either v is decreasing on (s2,S3), or v attains local 
maximum on (s2,ss). The first case implies v(r) < log \ on [s2,S3]. For the second case, by 
v r {s2) < and v r {s^) < 0, v(r) attains local maximum at a € (7*2, F3) implies f(r) has an 
/S^^ -profile on {r2,T^). By (|5.4p and Lemma [331 the local maximum values of v(r) on [52,^3] 
are less than log |. So, we proved u(r) < log \ on [s2, S3] provided v r [s2) < 0. 

4. We s/ioio u(r) < log \ on [s2,s^] if v r (s2) > 0. 
The difference between step 3 and step 4 is that, with v r {s2) > 0, u(r) attains its first local 
maximum on (^2,53) cannot guarantee v(r) has an ^-profile on (s2,Ss). Since v r (s\) < and 
v r (s2) > 0, there exits n £ (si,S2) with 

Vriri) = and v r (r) > on (ri,S2]. 

Let r2 be the first local maximum point of v on (s 2 , S3) which implies v(r) has an <S , [ ri r2 ] -profile. 
By and Lemma [33] (1), 

v(r 2 ) < log-. 

Since v T {r2) = and v r (s^) < 0, a maximum point of v on (r2, S3) comes with an S-profile of t> 
on (r2, S3). Hence, the maximum values of v(r) on (r 2 , S3) are less than log |. As in the step 3, 
we have 

u(r) < log - on [r 2 ,r 3 ]. 

S£ep 5. Assume u(r) and v(r) have infinitely many intersection points after S3, say {sj}^ 4 , with 
si < Sj + i. We show that u(r) and v(r) are less than log \ on [53,00). 
Note that u(r) > v(r) on (53,54). By the step 1, we have 

(v + 2n). r (52) < and u r (s2) < v r (s2)- (5.5) 

Applying the steps 3 and 4 to v(r) and u(r) on [S3, S4], we have 

u(r) < log - on [s 3 ,5 4 ]. 

Hence, by repeating above argument, we have 

u(r) < log - and v(r) < log - on [53,00). 

Step 6. Assume u{r) and v(r) have no intersection point after S3. It will be shown that u(r) is 
less than log \ on [S3, 00). 

By (|5.5p and Lemma 15. 11 we have 

u(r) < logi on [s 3 ,oo). 
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Step 7. Finally, we show thatu(r) andv(r) are less thanlog^ after S3 ifu(r) andv(r) have 
finite intersection points after S3, say {sj}" =4 with Sj < Sj+i. Here, we assume that u(r) < v(r) 
on (s n _i,s n ) and v(r) < u(r) on (s n ,oo). 

It is clear by the argument in the step 5 that u(r) an v(r) are less than log | on [s3,s n ]. 
Also, one can easily verify 

(v + 2u) r (s n _i) < and u r (s n _i) < u r (s„_i). 

By this and Lemma 15. 11 u(r) is less than log ^ on [s n , 00). 

(2) Since we suppose (u + v) r (r) > on [31,83] and 11(33) = v(s3) < log^, we have u(si) = 
v(si) < log 5, i = 1, 2, and 

it r (si) > 0, v r (s2) > 0, and u r (s3) > 0. 

Step 1. We show u(r) < log | on [si,S2] if u T (s2) > 0. 

Since u r (si) > and u r (s2) > 0, then either u r (r) in increasing on (si, S2), or u attains local 
maximum on (si,^)- The first case implies u(r) < log \ on [§1,52] because ti(s2) < l°gf- For 
the second case, with u r {s\) > and u r (s2) > 0, it(r) attains local maximum on (si, S2] implies u 
has a reversive 5-profile on (si, 52]- By (u + f ) r (r) > on [si, S3] and Lemma [331 the maximum 
values of u(r) on [si, S3] are less than log \. Thus, 

u < log - on [si, s 2 ] if n r (s 2 ) > 0. 



.S'tep We show that u < log ^ on [31,82] if u r (s2) < 0. 

Since we suppose u r (s2) < and u r (s\) > 0, u(r) attains local maximum on (si,S2). Unlike 
the step 1, u(r) attains local maximum on (si,S2) does not necessarily imply u(r) has reversive 
S*-profile on (si,S2). Let u attain local maximum at r3 6 (si,S2) and u r < on (r^,^]- Since 
we suppose u r (s2) < and u r (s3) > 0, there exists r± S (32, S3) such that 

u r (r) < on [s2,ri) and u r (ri) = 0, 

which implies u(r) has a reversive Sj rr4 ] -profile. By (u + v) r (r) > on [$1,53] and Lemma 13.61 

u(r 3 ) < log-. 

With u r (si) > and u r (r3) = 0, u(r) attains local maximum on (si,r3) implies that u(r) has 
a reversive 5-profile on (si,r3). By (u + v) r (r) > on [si,S3] and Lemma [3761 (2), the local 
maximum values of u(r) on [s±, S3] are less than log ^. It follows that 

u < log - on [si,s 2 ]. 

□ 
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6 PROOF OF THEOREM D 

Combing Lemma l4.2l Lemma [5. II and Lemma [5.2( 1). we have the following lemma, which shows 
if 

v{r\) < u(ri), v r (r\) < u r {r{) and (it + 2v) r (r\) < 0, (6-1) 
then the behavior of u(r) and v(r) must be case (1) described in the statement of Theorem 11.31 

Lemma 6.1. Suppose u(r) and v(r) satisfy the condition (|6,ip . Then u(r) and v(r) are less 
than log \ on some interval (R\,cc) C (ro,oo). 

Now, we are ready to prove Theorem 11.31 
Proof of Theorem 11.31 

Step 1.. By the equation 

r(u + v) r {r) = 2(N 1 + N 2 ) - [ + / 2 )<k, (6-2) 

J o 

we know that 

either there is r\ such that r\(u + v) r {r{) = and (u + v) r > on [0,ri), 

or 

r(u + v) r (r) > for r € (0, oo). 

For the first case, there are three possibilities on the derivative of (n, v ) at r%. (Here, we assume 
that u[r) > v(r) on some interval (ri,rj) ): 

(A) u r (ri) = v r {rx) = 0. 

(B) n r (n) = -v r (n) > 0. 

(C) u r (n) = -v r (n) < o. 

Step 2. We discuss the cases (A) and (B). 
For the cases (A) and (B), it is obvious that 

«r(ri) > > Tv(ri), (u + 2v) r {r 1 ) < 0, 

which satisfies (|6.ip . Hence, by Lemma 16. II the behavior of u(r) and v(r) after r\ must be case 
(1) described in the statement of this theorem. 

Step 3. We discuss the case (C). 

Unlike the cases (A) and (B), the case (C) does not have the condition (|6.ip at r\. We will 
show u and v satisfy (|6.ip at some point on (ri, oo). 

We define 

si = sup{s > ri | u r < on (n, s)} (6-3) 
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and 

S2 = sup{s > ri | v r > on (ri, s)}. (6-4) 
We will use these definitions throughout the step 3. 

Step 3.1 We consider the case that (u,v) has no intersection point after r\. 
Step 3.1.1. We show that s 2 < Si- 

Since (u + v) r (r) > on (0,ri) and u r {r\) < 0, then there exits r 2 E (0, r{) such that 

u r (r 2 ) = and u r (r) < on (r2,ri]. 

Hence, (f 2 — 2/i)(r2) = u rr (r 2 ) < 0. By (u + t>)r(0 > on (0,ri) and u r (r) < on (r 2 ,ri], we 
have v r (r) > on [r2,ri]. It follows that u(r) > v(r) on [r2,ri] and thus 

/i(r 2 ) > ^/ 2 (r 2 ) > 0. (6.5) 
Suppose for the sake of contradiction that S2 > s±. Then 

u r < < v r on (r 2 ,si), and u r (sx) = < v r (si). (6-6) 
Note that /i(r 2 ) = e< r2 \l - 2e u( - r ^ + e v ^) > 0. By this and ([63]) . 

1 - 2e" (r) + e v{r) > on [r 2 , s x ]. (6.7) 
Consequently, /i(r) = e M W(l - 2e u M + e u ( r )) > on [r 2 ,si] and 

rr 

r(u + v) r (r) = - s(/i + / 2 )ds<0on (n,si]. (6.8) 
By this, (u + v)r(si) < 0, which is a contradiction to (|6.6p . Hence, we proved 

S 2 < Si. 



Step 3.1.2. By Lemma |3.1| u(r) and v(r) cannot be monotone after r\ which implies S2 is 
finite. Since we suppose 

u(r) > v(r) on [ri,oo) and v r (s 2 ) = > u r (s 2 )j 

pr 

r(u + 2v)r{r) = s 2 (u + 2v) r (s 2 ) - 3 / sf 2 (s)ds < for r G (s 2 , oo). (6.9) 

J S2 

If si is finite, by (|6.9p . 

u r (s±) = > « r (si) and (it + 2u) r (si) < 0. 

Thus, by applying Lemma 16. II to u[r) and v(r) at Si, we proved Theorem 11.31 
If si = oo, we consider the following possible cases: 

(1) v r (r) > u r (r) on (s 2 ,oo). 
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(2) There exists r* G (s2,oo) such that v r (r*) < u r (r*). 

For the second case, Theorem 11.31 is proved by applying Lemma 16. II again. For the first case, if 
linv^oo u(r) < log i, then we know there exists r** such that 

v(r) < u(r) < log — for r G (r**,oo), 

which implies (1) of Theorem 11.31 Therefore, we may assume linv-^oo u(r) > log^. Note that 
si = oo implies u r (r) < on [rx,oo). Hence, 

v r (r) > u r (r) on (n,oo.) 

It follows that 

v(oo) — v(r±) > u(oo) — u(ri), 
which implies v(oo) > — oo. But it yields a contradiction to Lemma 13. 11 

Step 3.2. Suppose u(r) and v(r) have at least one intersection point after r\. Here, we 
assume r% is the first intersection point of u(r) and v(r) after r\. 
To obtain Theorem 11.31 we want to show that 

M r 3) < w r(r 3 ) and {v + 2u) r (r 3 ) < 0. (6.10) 

Then Theorem 11.31 follows by applying Lemma 16.11 Recall the definition of si and S2 in (j6.3[) 
and (|6.4p . By the step 3.1.1., if si < r%, then S2 < S\. Hence, we consider the following possible 
cases to verify (|6.10p . 

(1) si,s 2 G [r 3 ,oo). 

(2) s 2 < si G (ri,r 3 ). 

(3) s 2 G (ri,r 3 ) and si G [r 3j oo). 

The case (1) implies that u r (r) < < v r (r) on [n,^). As in (|6.8p . 

(u + v)r(r) < on (ri,r 3 ], 

which implies u r {r^) < and thus (v + 2u) r {r^) < 0. Then ()6.10p follows. 
For the case (2), we have u r (s2) < = v r (s2). Hence, as in ()6.1ip . 

(u + 2v) r (r) < on (s 2 ,r 3 ], 

which implies (|6.10p again. 
The case (3) implies 

1i r (s 2 ) < = l>r(s 2 ). 

Consequently, 

,. r 

r(u + 2v) r (r) = s 2 (n + 2v) r (s 2 ) -3 / sf 2 (s)ds < on [s 2 , r 3 ]. (6.11) 

JS2 
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Since (u — v)r( r 3) < 0) we have u T {r^) < Vj-fo) and (u + 2v) r (r3) < which imply (|6.10p . 
Step 4- We now discuss the case: 

r(u + v) r {r) = 2{N 1 + N 2 ) - / a(/i + / 2 )ds > on (0, oo) (6.12) 

Jo 

Step 4-1- We claim that if 

u{r^) = v{r^) > log -, v r (r±) < u r (r4) and (u + v) r > on [r^, oo), 

then u(r) and v(r) do not intersect after r±. 

Suppose r§ is the first intersection point of u(r) and v(r) after r^. By (|6.12p and u{r/±) = 
vfa) > log 5, we have 

log — <-(« + v)( r 4) < ~(u + v)(r) < u(r) for r G (r4, rs], (6.13) 



(6.14) 



which implies /2(r) — /i(^) > on (7*4^5). Hence, 

r(u - u) r (r) = r 4 (u - v) r (r A ) + 3 s(f 2 - fi)ds > on (r 4 ,r 5 ]. 

Obviously, it is a contradiction. 

Step 4-2 We discuss the following possible cases. 

(1) u{r) and v(r) have infinitely many intersection points on (0, 00). 

(2) u{r) and v(r) have finite intersection points on (0, 00). 

Step 4-2-1- By the step 4.1, if u(r) and u(r) have infinitely many intersection points, say 

then u(U) = v(ti) < log^, i = l,--- ,00. By Lemma f5.2l (2). u and t> are less than log \ on 

[ti,oo). 

By this and ffU2]) . 



*l(« + «)r(tl)>jf s(f 1 + f 2 )(s)ds 

/•oo |»oo (6.15) 

> 2 / se^Wdfl > 2e("+^( il ) / sds = +00, 

which is a contradiction. Hence, u(r) cannot intersect u(r) infinitely many times. 
Step 4-%-%- If i*(r) and v(r) have finite intersection points, say {^}" =1 . By applying Lemma 
(2) to (u(r),v(r)) on [t n ,oo), (u(r),v(r)) is a topological solution. 
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7 CLASSIFICATION OF RADIAL SOLUTIONS 



In this section, we classify the radial solutions according to their boundary conditions at oo. By 
Theorem II .3\ we only need to consider the case (1) solutions. We first study the integrability of 
fi and /2- We have the following simple observation. 



Lemma 7.1. Suppose (u,v) is a case (1) solution in Theorem M.SX 

(1) Then either / °° sf\{s)ds and J* °° sf2{s)ds both are finite or j Q °° sf\{s)ds and J* °° sf2{s)ds 
both are infinite. 

(2) If J °° sh{s)ds = J °° sf 2 (s)ds = oo, then / °° se (u+v ^ds < +oo. 



Next, we introduce the Pohozaev identity for (jl.6p . 
Lemma 7.2. (The Pohozaev identity) Suppose (u,v) solves (|1.6|) . Then (u,v) satisfies 
r 2 {u 2 ,{r) + u r {r)v r {r) + v 2 .{r)) + 3r 2 (e u M - e 2u ^ + e u « +u M + e v ^ - e 2v ^) 
=6 J s(e u{s) - e 2u(s) + e u(s)+v{s) + e v(s) - e 2v{s) ^jds + 4(7V 1 2 + NxN 2 + iVf) 

for r > 0. 

Using the Pohozaev identity, we show that f% and f 2 are in L 1 (R 2 ) when (u,w) is a case (1) 
solution in Theorem 11.31 

Lemma 7.3. Suppose (u,v) is a case (1) solution in Theorem \l.tft Then 

fi and f2 are L 1 -integrable in M 2 . 
Proof. Step 1. By Theorem 11.31 there exits Rq > such that 

u(r) and v(r) both are less than log — if r > Rq, 

which implies /i(r) > and f2(f) > if r > Rq. Hence, we only need to show that 

pOO poo 

/ sf\(s)ds < +oo and / sf2(s)ds < +oo. 
Jo Jo 

Suppose for the sake of contradiction that 

pOO p'OO 

/ sfx(s)ds = +oo and / sf2(s)ds = +c 
Jo Jo 

It implies that 

poo poo 
/ SP n ( s )^e — -Ln^ anH / cM s ) 

JRo 

because of Lemma [7TTI (2) 



-oo. 



f se n ^ds = +oo and / se v(s >ds = +oo (7.2) 
Ro JRo 



Step 2. We denote 

w\{r) = max(«(r),u(r)) and W2(r) = mm(u(r),v(r)). 
and consider the following two cases: 
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(!) SUPre(flo,oo)Wl( r ) < logi. 

(2) sup re{Rooo) wx(r) = logi. 

Step 3. case (1): sup re ( fl0)Oo) w x {r) < log \. 
By this, there exists e > such that 



Thus, for r >> Rq, 



< ^ -e forr>i? - 



S(fl + f2)(s)ds 

= ^ s{e u{s) - 2e 2u{s) + e v{s) - 2e 2v{s) )ds + 0(1) 
JRo 

>2e s(e u(s) + e v(s) )ds 







iRo 

where Lemma I7TTY 2) and (|7.3p are used. Applying the inequality 

3 

-{a + bf <a 2 + ab + b 2 
4 

for (a, b) = (ru r (r),rv r (r)) to the Pohozaev identity ()7.ip . we have 

^(ru r (r) + rv r {r)) 2 + 3r 2 (e" (r) - e 2u(r) + e^ r)+v{r) + e 1 ^ - e 2v(r) ) 
<r 2 (u 2 (r) + n r (r)« r (r) + v 2 .{r)) + 3r 2 (e u(r) - e 2u(r) + e u M+*( r ) + e v W - e 2v{r) ) 
, ( e «M _ e 2 «M + e ««+*M + e «W _ e 2 ^))cfe + 4(7V 2 + iViiV 2 + iV 2 2 ) 

Note that ru r (r) + rv r {r) = 2(N 1 + N 2 ) - f Q s(/l + f 2 )(s)ds + 0(1). Thus, for r >> #0, 

{ru r {r) + rv r {r)) 2 > 4e 2 ( f s(e u(s) + e v{s) )ds) 2 

Therefore, (|7.5[) implies 



a ( e «(») + e *W)dsj < 6( J s(e u{s) + e v ^)ds^j + O(l). 



Due to ()7.2p . it is a contradiction. 
Step ^ case (2): sup r6(Ji0jOo) wx{r) = log \. 
Thus, there exists {r n }^ =1 — > +00 such that 



w\(r n ) = sup wi(r) tends to log - as r n tends to +00. 

re[Ro,r n ] 2 
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Without loss of generality, we might assume that 

w\{r n ) = u(r n ). 

In terms of 101(7*) and w^if), the right hand side of the Pohozaev identity (|7.ip can be written 
as 

6 / s(e Wl{s) - e 2wi{s) + e Wl{s)+W2{s) + e W2(s) - e 2w2{s) )ds + 4(iV 2 + N t N 2 + iVf ). 



Jo ' 
We estimate J Q r s(ef(s) - e 2wi ^ + e Wl ^ +W2 & + e W2 ^ - e 2w2 ^ds. Since we suppose 

r(u + v) r (r) = 2(Ni + N2) — Jq s(/i + f2){s)ds — > —00 as r — > +00, there exists i?i > Rq such 
that 

(u + v)(r) < —6 log r if r > R%. 

Denote 

T 1 = {r e [i?i,oo)|^i(r) > -31ogr} 

and 

r 2 = {r G oo)|7z;i(r) < -31ogr}. 
Since (u + v)(r) < — 61ogr on [i?i,oo), then 

W2(r) < — 31ogr on Ti. (7-7) 

Without loss of generality, we might assume that n >> i?i. Thus, 

s(ef(s) - e 2wii - s) + e wl ^ +W2 ^ + e W2(s) - e 2w2 ^ds 

s(ef(s) - e 2wi{s) + e Wl{s)+W2{s) + e W2{s) - e 2w2 ^ds + 0(1) 

(ef(s) - e 2wi{s) + e Wl{s)+W2 ^ s) + e™ 2 ^ - e 2w2(s) )ds 

(ef(s) - e 2wi{s) + e^^+^W + e W2{s) - e 2w2 ^ds + 0(1). 





rr, 
Ri x 

(Ri,r n )f]Vi 



+ 



(7.8) 



'(fli,r„)nr 2 
Therefore, we have 

/ (ef(s) - e 2wi{s) + e Wl ^ +W2 ^ + e W2i - s) - e 2w2{s) ) ds 

< (eU(rn) _ e 2u(r n )^ sds + (\) (7.9) 

=^n(e u(rn) -e 2u{ril) ) +0(1) 
where W2(r) < — 31ogr on (i?i,r n ) H^i is used. Moreover, one can easily see that 

fw^s) _ e 2 Wl (s) + eWl (s)+ W2 (s) + e u, 2 (s) _ e 2n, 2 (s)\ ds = Q^y 

i/>'i.r„)nr 2 v ' 
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Combining flTTTJ) , (fT9|) and (fTTTOj) . ([73]) implies that when r — r n , we have 

lr 2 n {u r (r n )+v r (r n )) 2 < 0(1), (7.11) 

and then /i and /2 are in L 1 (M 2 ). □ 

Proof of Theorem 11.21 
By Theorem 11.31 we show that the case (1) solutions must be either non-topological solutions 
or mixed-type solutions. By Lemma 17.31 the limit of both ru r {r) and rv r {r) exist as r — > oo. 
By integrating the equations (|1.3p . it is easy to see that lim r ^ 00 (u(r), v(r)) exists and must be 
one of the following: 

(l)(log^-oo) (2) (-oo.logi) (3) (-00,-00). 
By this and Theorem II. 3\ Theorem 11.21 follows. □ 

8 PROOF OF COROLLARY [S 

In this section, it will be shown that, for solutions of (|1.3p . f\ and f 2 are L 1 -integrable in M?. 
Then, we denote these two quantities 



POD 

-j3i = 2Ni + / s(h-2h)(s)ds 
Jo 

POO 

-(3 2 = 2N 2 + / s(h - 2f 2 )(s)ds 
Jo 



and 



to characterize the behavior of solutions of (jl.3p . It is easy to see that lim^oo ru r (r) = —f3\ 
and lim^oo ru r (r) = —f3\ by integrating equations (jl.3p . 

Proof of Corollary 11.5b 

The proof of Corollary 11.51 is long; therefore we split the proof of Corollary 11.51 into a num- 
ber of lemmas. See Lemmas 18.11 18.21 and 18.31 

We first investigate topological solutions of (|1.3p . Since (u,v) — > (0,0) as r — > 00 and 

A(u + v) = (u + v) + 0(\u + v\ 2 ) for u and v small, 

by the estimate of elliptic PDE (see Sec. 16 in |13j). we obtain: 

Lemma 8.1. Suppose (u,v) is a topological solution. Then (u(r),v(r)) — > (0,0) exponentially 
as r — > 00. 

For the topological solutions, the L 1 -integr ability of fi and f 2 follows immediately. 
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Lemma 8.2. Suppose (u,v) is a non-topological solution of (|1.3p . Then 

Pi > 2, h > 2, 

and 

Pi + P1P2 + Pi ~ 4(iV\ 2 + N X N 2 + Nl) > 6(2(JVi + N 2 ) + (Pi + P2)) ■ (8.1 

Proof. Step 1. We first prove the inequality f)8. 1 1) with the assumptions Pi > 2 and P2 > 2. 
Using r(u + v) r (r) = 2(N\ + JV2) — Jq s(/i + f 2 )(s)ds, the Pohozaev identity becomes 



r 2 (u 2 (r) + u r (r> r (r) + v 2 (r)) + 3r 2 (e u(r) - e 2u(r) + e u «+ u M + e v{r) - e 2v{r) ) 
>6^2(iVa + AT 2 ) - r(n + v) r (rj\ + 4(JV? + iV^ + iV 2 2 ). 

Since we suppose Pi > 2 and /3 2 > 2, for r sufficiently large, we have 

u(r) = —Pi logr + 0(1) and v(r) = —P2 logr + 0(r). 



1.2) 



Plugging these into (|8.2p and letting r tend to 00, (|8.ip follows. 

^tep Since (u, t>) is a non-topological solution, there exists Ri > such that 

u(r) and v(r) are less than log — for r > R±. 

By this and Lemma 17.31 we obtain 

/ s(-e u(fl) + e (u+,,)(s) )ds< / s/i(s)ds<oo 



/ s(-e v ^ + e ( - u+v ^ s Ads < / s/ 2 (s)ds < 00. 
J R-i 2 / 7 a 



and 

We conclude that 

e u , e v and e u+v are in L^IR 2 ). (8.3) 

Step 3. We show that pi > 2 and /3 2 > 2. 

By the symmetry of the equation, we only show that P% > 2. Suppose for the sake of 
contradiction that Pi > 2, then 

ru r (r) > —2 for r sufficiently large, 

and thus u(r) > —2 logr + O(l) for r sufficiently large. It contradicts to (|8.3|) . 

Step 4- To show Pi > 2 and /? 2 > 2, we need to exclude the following other possible cases: 

(1) Pi = 2, Pi < p 2 . 

(2) p 2 = 2,p 2 <Pi. 

(3) Pi = 2,p 2 = 2. 
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The first two cases are symmetric, hence, we only consider the first case. 



Step 4-1- Suppose f}\ = 2 and f}\ < /3 2 . Then there exists i? 2 such that 

u(r) < log - and u(r) > v(r) for r > i? 2 . (8-4) 

Recall that 

ru r {r) = 2JV a + f s((f 2 - A)(s) - fi(s))da. 
Jo 

Note that (/a — fi)(r) = g(v(r)) — g(u(r)) < and — /i(r) < on (#2,00) where (|8.4[) is used. 
Thus, ru r (r) is a decreasing function on (i?2,oo), which implies ru r (r) > —2 on (i? 2 ,oo). It 
makes the L^integrality of e" fail. Hence, this case is impossible. 
Step 4-2- Suppose ft\ = 1 and /3 2 = 2. 
For r sufficiently large, (|8.2p becomes 



12 + 3r 2 (e"( r ) - e 2 "« + e*M - e 2 ^) 
>6(2(JVi + iV 2 ) + 4) + 4(iV 2 + iViiVs + iVf) + o(l) 

which implies 

r (^(r) + e v(rj\ > 



(8.5) 



3 

r 

It contradicts to (|8.3p . 

We conclude that fii > 2 and /3 2 > 2. □ 

The mixed-type solutions of (|1.3|) will be discussed as follows. 

Lemma 8.3. Suppose (u, v) is a mixed-type solution. Then 

(1) fi\ = and /3 2 > 2 if (u, v) — > (log 5, —00) as r — ^ 00. Moreover, u —> log | as r — ^ 00. 

fl?,) /3 2 = and f}\ > 2 if (u, v) — > (—00, log ^) as r — >• 00. Moreover, v —> log | as r — >■ 00. 

Proof. By the symmetry of the equations, we only need to prove the first part. 
Step 1. We show that fa + /3 2 > 2. 

By Theorem 11.31 u and u are less than log ^ on (i?o,oo). Thus, r(u + v) r (r) is a decreasing 
function on (Rq, 00). If /3i + /3 2 < 2, then 

r(u + v) r (r) > —2 on (Rq, 00). 

It follows that se(" +1, )( s ) ds = 00, which is a contradiction to Lemma 17.31 
Step 2. We show% > 2. 

By Lemma [731 Pi an d P2 exist and are finite. Since lim r u(r) = log i, then /3i = 0. By 
the step 1, /3 2 > 2. 

□ 



34 



9 THE STRUCTURE OF NON-TOPOLOGICAL SOLUTIONS 

We denote (u(r; ax, a 2 )> v(r; a\, o 2 ) be a solution of (|1,6|) with the initial data 

U (r) = 2iV 1 logr + a 1 + (l) + 

v(r) = 2iV 2 log r + o 2 + o(l) ' 1 j 



Recall the region of initial data of the non-topological solutions of (jl.6p . 

= {(ai,a2)| (w(r; oi, 02), v(r; Qi, 02)) is a non-topological solution of (|1.6p |. (9-2) 
We prove Theorem 11.81 



Theorem [TT81 

is an open set Furthermore, if a = (01,02) G 90, i/ien n(r;a) is either a topological solution 
or a mixed-type solution. 

Proof. We shall prove that if (oi, 02) G 0, then («(r; a' 1} a' 2 ),v(r; o^, a 2 )) is an entire solution of 
(jl.6p provided (0^,0^) close to (01,02). For convenience, we denote a = (01,02), o' = (a^,a 2 ), 
n(r; 01, 02) = u(r; a), n(r; oi, 02) = v(r; a), u(r; a[, a' 2 ) = u(r; a') and u(r; o^, o' 2 ) = v (r; o'). 
S'iep i. Assume that 



(9.3) 



n(r; o) = — P\{a) logr + O(l) 
f (r; o) = -/3 2 (o) log r + O(l) 

at infinity. Since /3«(o) > 2, i = 1, 2, we write 

A(o) = (2 + ^(o)), i = 1,2. 

Here 5i > 0, i = 1, 2. 

Let <5 = min{(5i(o), 02(a)}- There exists ro > 0, such that for r > ro, 

0" (5 
ru r {r- a) < -(2 + -), rv r (r; a) < -(2 + -) (9.4) 



and 

u(r;a)+2 log r ^ u u(r;a)+2 log r , u 

192' 192' 
By the continuity, for o' close to o, one has the followings: 



(9.5) 



6 6 

r u r (r ; o') < -(2 + -), r v r (r ; a') < -(2 + -) (9.6) 

and 

< 96' < 96' 1 j 

By Theorem 11.31 we can assume that 

u(ro,o), v(ro,a), n(ro, o') and u(ro, o') are less than log^- (9-8) 
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Step 2. We show that ru r (r;a') < —(2 + |) and rv r (r;a') < —(2 + |) for r £ (ro,oo). 
We prove it by contradiction. By symmetry, we can assume, without loss of generality, that 
there exists r\ 6 (ro,oo) such that 



We estimate 



(1) r 1 n r (r 1 ;Q / ) = -(2 + |). 

(2) ru r (r;a') <-(2 + |) on (r ,ri). 

(3) ru r (r;a / )<-(2 + |)on(r ,n). 



riu r (ri,a') - r u r (r ,a') 
f Tl r 

= / s f 2 (u(s;a'),v(s;a')) - 2f 1 (u(s;a'),v(s;a')) 

Jr 



ds. 



By and the left side of (f9T0l) gives 



riu r (ri; a') - r ii r (r , a') > - 



Again, by (j9.9j) . for r £ [ro,ri] 



v{r-a') < -{2+ 5 -)\ogr+(v{r ;a') + {2+ 5 -)\ogr 



We estimate the right hand side of (|9.10p . 



ri 



/ 2 («(s;a')^( s ;«')) - 2/i(u(s;c/),v( s ; Q! ')) 



< / sf2(u(s; a'), v(s; a'))ds 
J ro 

3 m 



<- 
~2 



<- 

~2 



ro 

3 m 



- (2+ 1 ) log s+v(r ;a> )+ (2+ f ) log r ds 



ro 



o v(r ;a')+2log r '_ 



n 



(9.9) 



(9.10) 



(9.11) 



(9.12) 



(9.13) 



where (|9.8p and (|9. 12[) are used. Obviously, it is a contradiction to (|9.1ip . Thus, (u(r, a'),v(r,a')) 
is a non-topological solution. 

The second part follows obviously from the first part and Theorem II .21 



□ 
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